The hierarchical spectral flow of Bloch electron 



o 
o 



CO 
CN 



-a 
c 

o 
o 



> 

oo 

co 
co 

o 

On 
O 



X 



Toshifumi Itakura 1 
1 AS PRO TEC. 465-0054, Japai^\ 

The Hall conductance of a two-dimensional electron gas has been studied in a uniform magnetic 
field. The Hall conductivity is expressed as a sum of two contributions: one corresponding to the 
classical Drude-Zener formula, and a second which has no classical analogy. The developed theory 
is applied to the Hall effect. The Kobo formula is written in a form that makes apparent the 
quantization when the Fermi energy lies in a gap. We examine the hierarchical spectral flow of Hall 
conductivity. 



I. INTRODUCTION 



The quantum Hall effect is one of the most 
spectacular phenomena in condensed matter physics. 
The integer quantum Hall effect has been ob- 
served in two-dimensional electrons in semiconductor 
heterostructuresji 7 , and quasi-one-dimensional organic 
conductors in the magnetic-filled-induced spin density 
wave state.— ^ ? Several recent experiments made^i 2 - lead 
to remarkable conclusion that the Hall conductivity of 
a two-dimensional system in its quantum limit is quan- 
tized to integral multiples of e 2 /h. However, it can be 
concluded from Laughlin's 7 argument that the Hall con- 
ductance is quantized whenever the Fermi energy lies in 
an energy gap, even if the gap lies within a Landau level. 
For example, it is known that if the electrons are subject 
to a weak sinusoidal perturbation as well as to the uni- 
form magnetic field, with cp = P/Q magnetic-flux quanta 
per unit cell of perturbing potential, each Landau level 
is spilt into Q subbands of equal weight.— One might ex- 
cept each of these subbands to give a Hall conductance 
equal to e 2 /Ph, and that is what the classical theory 
of the Hall current suggests, but according to Laughlin 
each subband must carry an integer multiple of the Hall 
current carried by the entire Landau level. This result 
appears even more paradoxical when it is realized that Q, 
the number of subbands, can become arbitrarily large by 
an arbitrarily small change of the flux density. The Hall 
conductance of a two-dimensional electron gas has been 
studied in a uniform magnetic field. The Kubo formula is 
written in a form that makes apparent the quantization 
when the Fermi energy lies in a gap. Explicit expres- 
sions have been obtained for the Hall conductance^ A 
peculiar problem of Bloch electrons in a magnetic field 
frequently arises in many different physical contexts. It 
resembles some properties of integer Hall effec t 10 ^ 1 and 
is spectrum has an extremely rich structure of Cantor 
set, and exhibits a multifractal behavior^^ And it 
describes the localization phenomenon in quasiperiodic 
potential. 13 In another context, the hierarchical spectral 
flow is examined^ 



II. HAMILTONIAN 

To derive the expression for the conductivity, we shall 
use linear response theory based on the following assump- 
tions: 

(i) The electron system can be described as Fermi- 
Dirac assembly of independent quasi particles. 

(ii) Only elastic scattering is admissible. 

(iii) A two-dimensional solid is formed by a layer in the 
(x,y) plane and magnetic field B is perpendicular to the 
layer (B = (0,0, B)), 

(iv) There are gaps in energy spectrum of the one- 
electron Hamiltonian describing the system 



H = (l/2m)[P - (e/c)A] 2 + V(x,y) 



(1) 



where m and e are electron mass and charge respectively, 
A is vector potential (B = curl A.) and V(x, y) is an 
arbitrary flux potential. 

(v) An electric field E established in the solid results 
in an electric current I linearly related to filed through 
Ohm's law 

I = erE (2) 

where a is the conductivity tensor. 

III. LINEAR RESPONSE THEORY 

The diagonal components are given by the following 
expression^ 

era = <J U (E f ,0) = 7rfte 2 Tr[t^£F~#M(£F-#)] (3) 
and non-diagonal components by 



a(E F ,Q) = e 2 f A^dr] 

J —CO 



dG + 

AiArj) = ihTr[vi(— — Vj5(r)-H) 
dr\ 



Vi5(r] — H)v 



dG~ 
drj 



(4) 



(5) 



where the Green function is defined by 



G ± (rj) = (7]-H±iO)-\6(r]-H) 
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(G+-G-) (6) 
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and velocity operator is given by commutation relation 



IV. HALL CONDUCTIVITY 



Vi = hn,ff\ = -h^G- 1 } = -(ft - -Ai) (7) 
in in m c 

To proceed further we split the Hall conductivity into 
two parts using an expression originally derived^ 
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2" dr, ' Jl 
B^rf) = ihTr[v i &-(rj)v J 8(Ti-H) 



(8) 



(9) 



The second term on the right-hand side of equation (JT]) 
can be rewritten into the more convenient form 

Ir^dM^-H) cd (10) 

2 drj v v v ' edB w ' v ' 

if the definition of the Hamiltonian (??), the expression 
of ijSJ) and commutation relation 



[r v ,vJ = 



(11) 



are used. The expression (|10[) is valid for arbitrary 
choices of vector potential A, nevertheless the simplest 
derivation is obtained if the circular gauge centered at 
the origin is used; A = ^B(—y,x,0). Introducing ex- 
pression (O, © and (fTU)) into (|1]) we get immediately 
useful expression for the Hall conductivity 



0y + ij 



4 = -ihTr[viG + (E F )vjS(E F -H) 
- Vl S(E F - H)vjG-(E F )\ 



'xy 



dN(E) 



-a 11 = < r- 

8B 



I E—Ef 



(12) 



where N(E) is the number of states below the energy E 
defined by 



/E 
Tr6{r] - H)dr] 
-OO 



(13) 



and the derivative with respect to magnetic field B is 
taken at the Fermi energy. The first term a 1 depends on 
the structure of solid, crystallographic orientation and of 
course on the potential V(r). The classical Drude-Zener 
result if vertex corrections are omitted is given by 



■xy 



(14) 



where u> = \e\B/mc is cyclotron frequency; the lifetime 
r is equal to h/2T (T = -lmS{E F )). 



To derive the expression for the quantized Hall conduc- 
tivity, we shall employ the assumption (iv) mentioned 
above, namely that there are gaps in electron energy 
spectrum in magnetic field and that the Fermi energy 
is lying just within a gap, where the density of states 
is zero. Since S functions in expressions ([3]) and (|12p 
describe contributions to the density at Fermi energy, di- 
agonal elements of the conductivity tensor a and classical 
term of the Hall conductivity a\. y are equal to zero and 
we get 

.dN(E).. . . 

Oxx = o V y = 0, a xy = -a yx = ec( ^ — )\e=e f (15) 



We define band conductivity 



SN k 
5rj 



where r\ = ^ and is defined by 

N k = N k -i+p k N(k) 



(16) 



(17) 



where N(k) is the number of state in fc-th band and k = 
1, ...Q. andpfc = ± corresponds to electron or hall. Using 
the equation, 



SN k SN k -! , SN(k) 
oi] or/ orj 

The equation of Hall conductivity is given by 
er fc = a k -i +p k <r(k) 



(18) 



(19) 



where a(k) is fc-th band Hall conductivity. We need the 
notion of strings, a Hall conductance, a hierarchical spec- 
tral flow, and a hierarchical tree. 7 The Hall conductance 
cr(fc) of the band k=l, ...Q is the Chern class of the band, 
the number of zeros of the wave function as a function of 
k x , k y in the Brillion zone. We also use the conductance 
of k filled bands Cfc. The latter is assigned to the fcth gap. 
They are determined by the Diophantine equation, 9 



Pcji 



fc(modQ) 



(20) 



restricted to the range — Q/2 < <7k < Q/2. 

Regarding the hierarchical spectral flow, we refer to 
the band k' of the problem with period r/' = P'/Q' as 
the parent band of the parent generation corresponding 
to the daughter band k of the generation r\ = P/Q if 
the Hall conductance of the band fc is the ratio of the 
difference of the number of states of parent and daughter 
bands to the difference of the periods of generation. 

We next use following properties, 



a = bq +pir, < r < b, 
b = rqi +P2^i,0 < r\ < r, 
r = riq 2 +p 3 r 2 ,0 <r 2 <r ± , 



(21) 
(22) 
(23) 
(24) 
(25) 
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Therefore, we rewritten the equations, 
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Pk+i 
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(26) 

(27) 
(28) 
(29) 
(30) 



(31) 



(32) 



1k + 3~ 



1Q+1 



(To is first brillouin zone conductivity, thus given by p. 
These equations express the conductance of Bloch elec- 
tron system in strong magnetic field. The hierarchical 
spectral flow is this fractional expression of Hall conduc- 
tivity. 



V. DISCUSSION 

We have examine the Hall conductance of Hofstadter 
Butterfly. The hierarchical spectral flow is this fractional 
expression of Hall conductivity. 

We limit ourselves to rational magnetic field, namely 



— B • ai x a 2 x 

he 



x a fc , 



(33) 



where k — 1,---,Q Let us suppose that u(k) narrow 
bans are lying below Ep. Since the magnetic field is 
supposed to be perpendicular the two-dimensional layer, 
the number of state is given by 



N = a(k) 



1 



J 2 |ai x a 2 x • • • x a fe 



J = a(kyP-B. (34) 
he 



At the bottom of the band, where broad gaps exist, the 
small changes in magnetic field do not change the number 
of Landau levels below Fermi energy and we get 



'xy 



-t-otk). 



(35) 



using expression (fT5|) and (f34|) . The Hall conductance 
a(k) of the band k=l, ...Q is the Chern number— of the 
band. This is the number of zeros of the wave function 
as a function of k Xl k y in the Brillion zone. 
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